Bayes Rule Exercise
The whole point of this exercise is to get you to think about how you use information to update your assessment of the probability that some event will occur.  Think about something that may or may not occur, but which is important to you—like the market rising by more than 10% or the Cardinals winning the series.  You begin with some prior belief about the probability of the event.  At some point after you make your first assessment of the prior probability, you’re told something that may be relevant—for example, that your brother-in-law has invested heavily or that some baseball expert has picked the Cardinals to win.  Now, how much, if at all, should your change your assessment of the probability of the event?  A way of doing this is referred to as Bayes Rule., and this thought experiment is intended to get you to understand what it’s all about.  

Step 1

Someone brings in to the room two cans, one labeled black (BC) holding two black marbles and one white, and one can lableled white (WC) holding two white marbles and one black.   The cans are hidden behind a screen and the moderator tells you he will flip a fair coin.  If the coin land heads, he’ll be using the white cup and if lands tails, he’ll be using the black cup.

Question 1:  What is the probability that the black cup is being used?
Obvious answer:  Pr(BC)=.50 
Obvious reasoning:  It’s a fair coin.
Step 2

The moderator now tells you that he is going to randomly pick a marble from the can that was selected in step 1.  He reaches in and pulls out a black marble.

Question 2:  What is the probability that the black cup is being used?

Obvious observation:  You now have information that wasn’t available in Step 1.  This is really a question about how you’re going to update the assessment of the probabilities that you gave before.

Not so obvious answer (at least to most people):  The probability is now 2/3.

How to think about it:  We could have picked one of six marbles.  Each marble has one of four possible “identities” defined by the color and the container (a white colored marble from the white can, a white colored marble from the black can, etc.)  The number of marbles in each of these four classes is given in the following table.  (Note that the event here—the thing we’re interested in forecasting—is the type of container.  The signal is the color of the marble.)  
	
	
	Event

	
	
	Black Can
	White Can

	Signal (Color of Marble) 
	White
	1
	2

	
	Black
	2
	1


Since there are a total of 3 black marbles, two of which came from the black can, the odds that the black can was used must be 2/3.
Exercise:  Figure out the odds of the black can if the moderator had drawn a white marble.

Step 3

The Moderator still doesn’t tell you whether he picked the black or white can in Step 1.  Instead he replaces the marble he drew in Step 2, and picks another marble from the same can.  This marble is also black.

Question:  What do you now think are the odds that he was drawing from the black can?

Not at all obvious answer:  4/5
Reasoning:  In Step 2 you figured out that there was a 2/3 probability that the black can was used. It is as if the Moderator had gone back to Step 1 but now with two black cans and one white behind a screen  (If he picked one of the cans at random you’d say that there was a 2/3  probability that the black can is used.)    This means that the distribution of balls is now described by this table
	
	
	Event

	
	
	Black Can
	White Can

	Color
	White
	2
	2

	
	Black
	4
	1


You can see that 4/5 of all the black balls must have come from the Black can.  

Exercise  Work through some other combination of outcomes.  For example what would you’re assessment of the odds of a black can if you had found a sequence of black and white balls.  

The Thought Experiment and Bayes Rule
Formally, Bayes Rule goes like this.

· Let P(e,s) indicate the joint probability of some event, e, and some signal, s.  
· For example in the previous experiment P(Black can, Black ball)=1/3.
· Let P(e) indicate the prior probability of the event, your starting belief. 

· In the example, you started with P(Black can)=1/2.
· Let P(e| s) indicate the probability of the event given some signal (the thing we want to figure out.  

In the example, you were asked P(Black can|black ball)
· Let P(s| e) indicate the probability of the signal given some event.

· In the example, P(Black ball| black can)=2/3.
· It must be true that 

P(e,s)=P(e|s)P(s)=P(s|e)P(s)
· At the very start of the experiment (when we worked with the first table) you could have calculated that 
· P(white marble) = ½
· P(white marble|black can)=1/3
· P(black can, white marble) = 1/6 = (1/2)(1/3)
· A bit of algebra gives us

P(e|s) = P(e ){ P(s|e) /P(s)}
· In Step 2 of the thought experiment we had
· P(black can)=1/2,
·  P(black ball)=1/2 and 
· P(black ball|black can)=2/3. 
·  Thus P(Black can| black ball) = (1/2)(2/3)/(1/2)=2/3.
· In step 3 of the thought experiment, with our new priors we had
· P(black can)=2/3,
· P(black ball)=5/9 
· P(black ball|black can)=2/3.
· Thus P(Black can, black ball) = (2/3)(2/3)/(5/9)=4/5.
· Another way to write the expression above (and the usual way that “Bayes Rule” is expressed) is to note that if there are N possible events (call these e1 ,e2,…en) the probability of getting signal s is
P(s) = P(s|e1)P(e1) + P(s|e2)P(e2) + …+ P(s|en)P(en)

